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If p=0 we know that (1) reduces to a binomial equation p and its 
group is metacyclic when r is not the fifth power of a rational number. If 
r=k® (k rational) the group G is then C,. Hence when p andr do not sat- 
isfy (3), G=C, or Geo. 

§3. Next, we consider the case in which p and r satisfy (3). By 
solving (3) we find 


lip? [2 
(4) 


Since r must be a rational number, P= (a rational), 


(5) p=5a’, 
Substituting these values in (1), we get 
(6) +11a*=0. 
This equation has the root <=--a, and the depressed equation is 
(7) +6a?x* —6a*x+1la*=0. - 
Calling the roots of (7) ~,, %2, %3, “5, and setting 
Yi 
Y3=U 
we obtain the cubic resolvent of (7), 
(8) —6a*y® —38a*y+217a° =0. 
The roots of (8) are: 


Y,=%,%,+2,%, belongs to the group 
Gs=[1, (12); (85); (1825); (1523); (12) (35); (18) (25); (15) (23)]. 


And since y; is distinct from its conjugates under G,, the Galois group of 
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(7) is Gg or a subgroup of G,. As y, and y; are irrational the group for the 
domain R(1) cannot be contained in 


G,=[1; (12) (35); (18) (25); (15) (28)]. 


The function ¢=(2,+2,)—(a;+a;)=ay5 belongs to the group 
H,=[1; (12); (85); (12) (35)]. Since the value of ¢ is irrational* G is not 
contained in Hy. 

The function (%,—2-) (x, —x;) [w: (x; +0;)]=a°5® belongs 
to the group C,=[1; (1325), (1523); (12) (35)], since z is rational and takes 
two values under the substitutions of Gs. 

Therefore, G=C, or one of its subgroups.. G cannot be a subgroup 
of C, as the subgroups of C, are contained in H,. Therefore, G-=C,. 

Hence when p and ¢ satisfy (3), the group of (1) is C,. 

§4. We have now proved that the Galois group of DeMoivre’s quintic 
for the domain R(1) is either the cyclic group C, or the metacyclic group G2 o. 
We therefore get the following results: 

I. DeMoivre’s quintic is solvable by radicals. The solution can be ef- 
fected by the well known substitution «=y—p/b5y. 

Since the group may be C, the equation may be reducible. Hence 

II. If the equation is reducible it must reduce to the product of a linear 
factor and an irreducible quartic factor. 

As an equivalent form of II, we have, 

III. DeMoivre’s quintic can never have more than one rational root. 

By means of a property of metacyclic equations} we may also conclude 
that 

IV. All the roots of DeMoivre’s quintic are real or only one of them is 
real. 

If the group of the equation is G,, the equation is metacyclict and, 

V. Each root is a rational function of an arbitrary pair of them. 

This problem was suggested to me by Prof. L. E. Dickson and I wish 
to thank him for criticisms and suggestions in connection with its solution. 


“a is not equal to 0 because of (3) and not both p and r=0. 
+Weber, Algebra, I, p. 620, VIIL 
. tWeber, Algebra, I, p. 618, VL. 
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ON PLANE ALGEBRAIC CURVES SYMMETRICAL WITH RESPECT 
TO EACH OF TWO RECTANGULAR AXES.* 


By PROFESSOR R. D. CARMICHAEL, Anniston, Alabama. 


The object of this paper is to point out the form of the Cartesian 
equation of plane algebraic curves symmetrical with respect to each of two 
rectangular axes, and to classify such curves of the fourth degree— 
the grouping in classes being determined by certain geometric properties 
common to those of each class. 

The axes of symmetry will be taken as the axes of coordinates. Then 
if one point is (4, three other points are evidently (—-<, 8), (—2, —4), 
(4, —#). Since to each value < of x there correspond two values +f and — 
of y, it follows that y enters into the equation only in even powers. In the 
same manner it may be shown that « enters only in even powers. Therefore, 

If a plane algebraic curve symmetrical with respect to each of two rec- 
tangular axes is referred to these axes as axes of coordinates, its equation has 
only terms of even degree in both x and y. The curve is, therefore, of even 
order. These conditions are evidently sufficient, as well as necessary, for 
the existence of the defined symmetry; for if x and y enter to only even de- 
grees, to each point (4, 4) of the locus will correspond three others (—-, 4), 
(—«, —&), (4, —&) —a condition which is clearly sufficient for the existence 
of the symmetry in consideration. 

This result indicates, as it should, that the circle, ellipse, and hyper- 
bola all possess such symmetry while the parabola does not. 

The classification of quartic curves possessing such symmetry is not 
so simple a matter. For the resolution of this question will be required cer- 
tain of Pliicker’s equations. By n, m. 4, T, p, ,-we shall as usual represent 
respectively, the order, class, number of double points, number of double 
tangents, number of cusps, number of points of inflection of the curve. The’ 
Pliicker equations which we shall require are then the following: 


(1) m=n(n—1)—(28+3 p), 
(2) n=m(m—1) —(27+38 2), 
(3) p), 
(4) p=8m(m—2) — (6 7+82). 


We have now to find the cases in which these equations can be satisfied sub- 
ject to the condition that the defined symmetry exists. 

Evidently, the singularities which are not on the axes can enter only 
by fours; and to each singularity on one axis and not at the origin must cor- 
respond another on the same axis and on the opposite side of the origin. 


*Read before the Chicago Section of the American Mathematical Society, April 18, 1908. 
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Hence, singularities on an axis and not at the origin must enter by pairs. 
Moreover, it is easy to see that cusps and points of inflection can enter even 
at the origin only in pairs. Again, if a point of inflection occurs anywhere 
on an axis there will be two coincident points of inflection, as may be seen 
by a consideration of the geometric nature of a point of inflection and of the 
curves having the defined.symmetry. To each of these two will correspond 
another on the opposite side of the origin. Hence, points of inflection not 
at the origin can enter only by fours. Again: if a double point occurs on an 
axis, there will be two coincident double points unless the two branches 
meeting in the point osculate and have the axis as acommon tangent. If 
such an osculating point exists on one side of the origin it exists also on the 
axis on the other side. Therefore, since each point of tangency counts 
as two points of intersection, the axis will intersect the curve in eight points 
—a condition which is impossible for quartic and sextic curves. Therefore, 
in quartic and sextic curves double points not at the origin enter only by 
fours. In the same way it maybe shown that in these quartic and sextic 
curves cusps not at the origin can enter only by fours. 

Let us now apply the results of the foregoing paragraph to quartic 
curves having the defined symmetry. We have seen that p and 7 are even. 
But by (8), e>3 and 7>24. Hence e=0 or 2. How, if »=2, both cusps 
must be at the origin; for we have seen that cusps not at the origin can en- 
ter only by fours. If two cusps exist at the same point there will bea double 
point. But with p=2 and 4 not zero, equations (1) to (4) can exist at the 
same time only when p=2, 9=1, tT=1, :=2. In the present case the two 
points of inflection can exist only at the origin; for such points not at the 
origin can enter only by fours. This introduces a second double point at the 
origin contrary to the equation Hence r¥2. Then With »—0, 
only the following sets of values will satisfy equations (1) to (4): 


e=0, 0, 0, 0. 
2% i, 
™m=4, 8 16, 28. 
=6, 12, 18, 24. 

m=6, 8, 10, 12. 


These are the only four possible cases for quartic curves. Moreover, 
since double points not at the origin can enter only by fours, it follows that 
in each of the first three cases, the curves must pass through the origin; 
and therefore for these cases the independent term in the equation is always 
lacking. 

It will be observed that in order to determine to which class any given 
curve belongs we have only to inquire how many double points it has at the 
origin. The first case, °=8, can exist only when the origin alone is the locus 
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of the equation; for otherwise some line through the origin would cut the 
curve in five points, which is impossible. 

We may also apply certain of the foregoing results to sextic curves 
whose equation is of the form 


a, +0. 


Since this curve does not pass through the origin, its double points, points 
of inflection, and cusps can enter only by fours. Then from (1) it follows 
that p=0, 4, or 8; and 5=0, 4, 8, or 12. Also, from (2) m<3. Therefore, 
equations (1) to (4) yield only the following sets of values: 


d= 0, 4, 
= 72, 48, 24, 0, 40, = 16, 
T==824, 156, 52, 12, 40, 36, 
m= 30, 22, 14, 6, 18, = 10, 


POMS 


ON THE DETERMINATION OF CONICS THROUGH TWO POINTS, 
THE MAJOR AXIS AND ONE FOCUS BEING GIVEN. 


By T. H. HILDEBRANDT, The University of Chicago. 


In the consideration of the question of the determination of constants 
in the application of the Principle of Least Action to Planetary Motion, we 
need to solve the following problem: 

“Given two points, a focus, and a major axis, of a conic, besides its 
nature (7. e., ellipse, hyperbola, or parabola). Required the number of con- 
ics that will satisfy the given conditions.’’ This problem has been solved 
for the case of the ellipse by Jacobi.* The regions in which the second 
point must lie in order that we obtain a real solution, have also been deter- 
mined.+ So far as I know, however, the problem has not been considered 
for the cases in which the conic is an hyperbola or a parabola. 

I. The Hyperbola. We need to use the following property of the hy- 
perbola: The difference of the lengths of the focal radii of an hyperbola is 
equal in length to the major axis. 

Let S be one focus and F' another, and let P be a point on the hyper- 


*Jacobi, Vorlesungen ueber die Dynamik. Werke, Suppl., p. 48. 
+Todhunter, Researches in Calculus of Variations, p. 162. 
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bola with distance SP=r. Let 2a be the length of the major axis. Then if 
P lies on the branch of the hyperbola adjacent S, we have 


PF=r-+2a. 
If P lies on the branch adjacent F’, then 
PF=r—2a. 


Suppose S is the given focus, P and Q the given points. Let PS=ro, 
QS=r,, and let 2a be the length of the major axis. Denote by F the sec- 
ond focus of the hyperbola. Then we must distinguish between the follow- 
ing four possibilities: 

I, P. and Q both on the branch of the hyperbola adjacent S. 

II. P and Q both on the branch of the hyperbola adjacent F. 

III. P on the branch adjacent S and Q on the branch adjacent F. 

IV. P on the branch adjacent F and Q on the branch adjacent S. 

Case I. (See Fig. I) P and Q on the Branch Adjacent S. 

From the above it is evident that the second foci of the hyperbolae 
through P will lie on the circle of radius 
2a+7, with Pas center. The second foci of 
the hyperbolae through Q will lie on the cir- 
cle of radius 2a+7, with Q as center. Hence 
the second foci of the hyperbolae through P 
and Q will be the intersections of these two 
circles. There will always be two real inter- 
sections, but they may be identical. Let us 
consider when they coincide, that is, when 
the circles are tangent to each other. Evi- 

Fig. I. dently the circles will be tangent internally. 
Hence the distance PQ will be the difference of their radii: 


OY according as 7,;<>7po. 


The locus of the points Q for which this happens is then the half ray SP. 
Evidently when Q lies on this line the hyperbolae degenerate into the straight 
line SPQ. Since r,—7; is the smallest distance possible between two points 
P and Q we see that there will be no points Q for which the two circles will 
not intersect. We have then: through any two points P and Q it is possible 
to pass two hyperbolae P and Q lying on the branch adjacent S, provided 
P, Q, and S do not lie on the same straight line, with P and Q on the same 
side of S. 
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Case II. (See Fig. II) P and Q on the Branch Adjacent F. 

In this case the second foci are the intersections of the circle of radius 
1%) —2a and center P with the circle of radius 
Y,—2a and center Q. Evidently we must 
have r,>2a and 7; >2a, i. e., Pand Q lying 
outside the circle of radius 2a with S as cen- 
ter. Moreover, with P fixed it is easily evi- 
dent that there are points Q for which the 
circles do not intersect or are tangent Let 
us find the locus of the points Q for which 
they are tangent. The circles will be tangent Fig. II. 
externally, and so we have 


PQ=(ro—2a) + (7, —2a)=ro +71: —4a. 


Moreover, QS=r;. Hence, PQ—QS=r,—4a or QS—PQ=4a—1r5, accord- 
ing as 7) >< 4a. 

Therefore these points Q satisfying the condition PQ—QS=r,—4a=a 
constant, trace a branch of an hyperbola with foci S and P. This hyperbola 
passes through O, the point of intersection of SP with the circle around P. 
If r,<4a, the branch will be adjacent to P, and if r, >4a it will be adjacent 
S. In either case, if Q lies to the right of this branch, there are no real 
hyperbolae satisfying the given conditions. If Q lies to the left, there are 
two real hyperbolae and when Q lies on the branch of the hyperbola, the two 
required hyperbolae coincide. 

Cases III and IV are really not of interest from the standpoint of the 
Calculus of Variations. We discuss them to make the discussion complete 
and on account of their intrinsic interest. 

Case III. (See Fig. III) P on the 
Branch Adjacent S and Q on the Branch Ad- 
jacent F. 

‘The second foci are the interseetions of 
the circle of radius 2a+7,, center P, with the 
circle of radius 7, —2a, center Q. We must 
evidently have 7, >2a in order to obtain real 
solutions. Moreover, there exist points Q for 
which the two circles do not intersect or are 
tangent. Let us find the locus of the points 
Q for which they are tangent. They will be Fig. III. 
tangent externally. Hence 


PQ=2a+1ro— (r; QS=r., 


and therefore PQ+QS=4a+r>; 7. e., these points Q trace an ellipse with foci 
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P and S and major axis 4a+7,. For points Q within this ellipse no real 
solutions are possible; for points without, we have two real hyperbolae, and 
for points on the curve, the hyperbolae are coincident. 

Case IV. (See Fig. IV) Pon the Branch Adjacent F and Q on the 
Branch Adjacent S. 

In this case the second foci of the hy- 
perbolae through P and Q are the intersections 
of the circle of radius 7,—2a, center P, with 
the circle of radius r,+2a, center Q. It is 
easily seen that there are points Q for which 
the two circles do not intersect or are tangent. 
We find the locus of the latter points. The 
circles will evidently be tangent internally. 
Fig. IV. Hence, 


PQ=2a+r, — (ro QS=r1, 


and therefore PQ—QS=4a—r, or QS—PQ=r,—4a, according as 7, > < 4a. 

Hence the points Q trace a branch of an hyperbola with P and S as 
foci and major axis 4a—7r, or r,—4a. This is the second branch of the hy- 
perbola of Case II. It will be adjacent Sif 7,<4a and adjacent P if r,)>4a. 
For all points Q lying to the left of this curve there are no real hyperbolae 
satisfying the given conditions; for points to the right there are two; and 
for points on the curve, the hyperbolae become coincident. 

Figs. V and VI show a comparison of the regions within which Q 
must lie in order that it be possible to draw real hyperbolae through P and 
Q satisfying the respective conditions. 

It is easily evident that the ellipse of Case IV is the envelope of the 
hyperbolae through a point P lying on the branch of the hyperbolae adjacent 
the given focus S. The hyperbola of Cases II and IV is the envelope of the 
hyperbolae through a point P lying on the branch of the hyperbolae remote 
from the focus S. 


Fig. VI. 
Case II. Points to the right of - - - - Case II. Points to the right of - - - - 
Case III. Points outside ellipse. Case III. Points outside ellipse. 


CaseIV. Points to the left of — - —- — Case IV. Points to the left of — - —-— 
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_ Parabolae. (See Fig. VII). In order to find the parabolae through 
two given points P and Q, having a given focus S, we need to find the 
directrices. The directrices of the parabolae through P are evidently the 
tangents to the circle of radius SP and center P, 
and those of the parabolae through Q, the tangents 
to the circle of radius SQ and center Q. Hence 
the parabolae through P and Q have the common 
tangents of these two circles as directrices. These 
tangents will always be real, and distinct, unless 
P, Q, and S lie on the same straight line and P and 
Q lie on the same side of S. Then there is only 
one common tangent, one that passes through S, 
and hence in this case the parabolae become coin- 
cident and degenerate into the straight line PQS. 
There is only one other exceptional case, when P, 
Q, and S lie on the same line and P and Q lie on Fig. VII. 
opposite sides of S. Then there will be three common tangents, and there 
will consequently be three real parabolae through P and Q. One of these is 
the straight line PQS. 

The parabolae through a point P with focus S have no envelope. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


295. Proposed by CHARLES GILPIN, JR., Philadelphia, Pa. 


In the equation «* —ax+b=0, we have the following relation between 
the coefficients and the roots: (1) When a’/b*?=6.75 there are three real 
roots, two of which are equal; (2) when a*/b? <6.75 there are two imaginary 
—_ and one real one; and (3) when a*/b?>6.75 there are three real, un- 
equal roots. 


Remarks and Solution by G. B. M. ZERB, A. M., Ph. D., Philadelphia, Pa., and H. V. SPUNAR, East Pitts- 
burg, Pa. 
The proposer has interchanged cases (2) and (3). When a*/b? <6.75, 
there are three real unequal roots; when a*/b? >6.75 there are two imaginary 
and one real root. 
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cube roots of unity. Then the roots are m+n, » When 
b? /4=a3/27, or a*/b?=22=6.75, m=n= (4b). 
“m+n=+ (4b), om+o*m=F (4b), n= (40.) 
When 6?/4<a'/27, or a?/b? <22,=6.75, (b?/4—a'/27) is imaginary. 
Let (—1)v, (—1)v. 
and unequal. 


When a'*/b? >22,=6.75, is real. 


is real, and » n are imaginary. 


J. W. Clawson, of Collegeville, Pa., referred to Burnside and Panton’s Theory of Equations, Vol. I, §§42, 48. 
Discussions of this problem are to be found in nearly all texts on the Theory of Equations. 


296. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philahelphia, Pa. 


Sum the series, 


Solution by A. R. MAXSON, A. M., Columbia University, New York. 


In the series 1, 6, 20, 50, 105, 196, 336, ..., the successive orders of 
differences are, 


5, 14, 30, 55, 91, 140, 
9, 16, 25, 36, 49, 

0, 9, 


The nth term is then 
145(n-1) +2 (n—1) (n—2) +34 (n—2) (n—8) 
2 (n-1) (n—2) (n—3) (n—4) = (n +2) (n+1)*. 


The nth term of the given series is then n(n +2) (nti)® which can be writ- 


n nt+l1 (n+1)* 
Taking now uw, as the rth term of the original series, we have 
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n—1 n+1 
r=n—1 6 1 
By addition, we have u,=9——— 12 For the 
r=1 n+1 
sum to infinity we have" Ur=21-12. , on remembering that 
6° 


Also solved by G. B. M. Zerr, J. W. Clawson, and H. V. Spunar. 


297. Proposed by W. J. GREENSTREET, Marling School, Stroud, England. 


If a, 6, ¢, d, f, 9, hare all real, and a, ab—h*, abe+2fgh—af?—bg* — 
ch? are all positive, show that b, c, be—f?, and ca—g’ are also positive. 


I. Solution by C. R. MacINNIS, Princeton, N. J. 
Since both a and ab—h? are positive, 6 must be positive. 


Since the whole expression is positive and both b and ab—h? are also posi- 
tive, be—f?>0. Hencec>0. Similarly, 


abe-+2,fgh—af* —bg?—ch? = (ca— (hg—af)* and ca—g*>0. 


II. Solution by A. F. CARPENTER, Hastings, Nebr. 

Since ab—h? is positive ab>h’, and since h is real, h® is positive. 
Then ab, which is greater than h’, is positive. But a is positive; hence b is 
positive. 

Now b(abe+2fgh—af? —bg* —ch*)=(ab—h’) (be—f*) — (bg—fh)*; that 
is, (be—f*) (ab—h*) =b (a positive quantity) + (bg—fh)*=a positive quanti- 
ty, and since ab—h’ is positive, (be—f*) is positive. 

Again, a(abe+2fgh—af*—bg?—ch*) =(ab—h*) (ca—g*) —(af—hg)*, 
and it follows as before that (ca—g’) is positive. 
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From bc—f?=a positive quantity, or ca—g* =a positive quantity, it is 
readily seen that c is positive. 
Also solved by H. V. Spunar and G. B. M. Zerr. 


GEOMETRY. 


330. Proposed by J. J. QUINN, Ph. D., New Castle, Pa. 


A line pivoted at the origin revolving with a constant angular veloc- 
ity, intersects another moving parallel to the Y-axis with a constant linear 
velocity. (1) Find the locus of their intersection when the ratio of their 
velocities is as m:n referred to a quadrant and a radius, respectively. (2) 
Assume m=8 and n=2, and apply to the trisection of an angle. (3) Under 
what conditions will this curve become a quadratrix? (4) Name the curve. 


Solution by H. V. SPUNAR, M. and E. E., East Pittsburg, Pa. 


The angular velocity of the intersection point P, due to the rotation 
of the radius vector p, is constant, say v,—d ?/dt, and that linear due to the 
constant velocity of the moving line in the direction of X-axis is v2=dx/dt. 

(1) Assuming the ratio of the velocities v,/v.—m/n, the locus of the 
point P is 


or 


Letting the starting point be the origin, we have in polar coordinates, 
pcos =— 


The curve may be applied without any difficulty to the multisection as 
well as to the trisection of an angle. 

(2) To apply the curve ‘‘p cos 9=2(4/8)’’ to the trisection of the given 
angle . Draw OP at an angle ? (7. e., the angle to be trisected) and PP, 
perpendicular to X-axis; then OP,=p cos ?=2(9/3) =a,; since putting (=3¢, 
p cos8¢=3[2(6/3)]=8e,. Trisecting the linear abscissae OP,;—2x, and 
erecting at Q;(x,/3), the perpendicular to the X-axis, cutting the curve at 
Q, then drawing QO, we obtain ¥QOX=¢=(0/8). 

(3) Let in rsiné=n¢ (Dinostrates’ Quadratrix), ¢==(4 


complement of the angle Then cos ). 


(4) Hence the name of the curve may be Complementary Quadratrix. 
Also solved very neatly by G. B. M. Zerr. 


331. Proposed by C. N. SCHMALL, New York City. 


The center of two spheres radii 7;, 72, are at the extremities of a 
straight line 2a on which as a diameter a circle is described. Find a point 
on -— circumference from which the greatest portion of spherical surface! is 
visible. 
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Solution by G. B. M. ZERR, A. M., Ph.D., Philadelphia, Pa.; A. H. HOLMES, Brunswick, Me.; and J. SCHEF- 
FER, A. M., Hagerstown, Md. 


Let [~, (a? —x?)] be the coordinates of the point referred to the 
mid-point of 2a as origin. Then 7/ [2a(a—2)] and 1/ [2a(a+«)] are the dis- 
tances of the centers of the spheres from this point, where 1/ [2a(a—2)] is 
the distance to the center of sphere radius 7, <r,. 


are the portions of the respective spherical surfaces visible from the point. 


Visible surface =2 +r 


Also solved by J. E. Sanders, C. N. Schmall, and H. V. Spunar. 


CALCULUS. 


256. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 
Solve the differential equation, (1+y+2axry)dx+a(1+a)dy=0. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


(1+2 ax) 1 


dy 
a(it+e) “#(i+e) ~ 


ay 1 


1+2ax 
x (1+a) 


JS Pdx = dx=log[x(1+a)24, Q=—- 


x(1+a)° 


(xy +5571) 


Also solved by G. W. Hartwell, J. Scheffer, H. V. Spunar, Francis Rust, and T. I. Wodo. 
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NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


150. Proposed by H.S. VANDIVER, Bala, Pa. 


Show that. for all positive integral values of n except unity, (2n)! is 
less than [n(n+1)]”. Direct proof preferred. [Unsolved problem in Edu- 
cational Times. ] 


I. Solution by JACOB WESTLUND, Purdue University, Lafayette, Ind., and the PROPOSER. 


If 0<k<n, we have (n—k) (n+k+1) <n(n-+1), since n? +n—(k?+k) 
<n* +n. 

Hence, letting k run through the values 0, 1, 2, ..., n—1, we get 
(2n)!< [n(n+1)]”. 


Il. Solution by W. F. KING, Ottawa, Canada. 
(2n) != (1.2.3...) +1) (n+2)... (2n)] 
=[n(n—-1) (n—2)... (n—-n—1) ] 
X [n+1(m41+1) (n +2)... +1-+n—1)]. 


Taking any factor 1-- a in the first bracket with the corresponding 


factor the second bracket, their product is (1 :) 


n(n+1) n(n+1 
The product of each pair of terms being <1, the whole product is <1. 


(2n)! 
[n (n+1)]” 


=1 


? which is <1. 


<1, and (2n)!<[n(n+1)]”. Q. E. D. 


III. Solution by F. H. SAFFORD, Ph. D., University of Pennsylvania. 


Stating the problem in the form ter >1, it is evidently true 


for n=2, 7. e., 3>1. The factor which will change the first member of the 
first inequality into the form in which n becomes n+1lis — 


~ 2 \ n /*2(2n+1) 


ee 
i 
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2 \in 1+2/n 
Since (1 + >.) >2, and 442/n 
successive values of the original inequality becomes stronger. 

It is of interest to notice that the limiting value of F, for n=~, is 
e*/4, but this is not essential to the proof. 


Excellent solutions of this problem were received from G. B. M. Zerr, Frank L. Griffin, C. E. White, and O. 
L. Callicot. 


->4, it follows that F'>1, hence for 


151. Proposed by E. RB. ESCOTT, Ann Arbor, Mich. 


In the recurring series, pei: 7,... 
=8, 0, 2, 3, 2, 5, 5, 7, . 
where the scale of relation is pe +8=Un+1t Un, prove that Up is always divisi- 
ble by p when p is prime. Is the converse true? 


Solution by the PROPOSER. 


The general term of the series is u,=2"+/"+7" where 4, 3, 7 are roots 
of the equation x? —x—-1=0. 

When pis prime, (mod. p), and since ¢++7=0, 
we have u»=0 (mod. p). 

I believe the converse is not true, although I have not found an exam- 
ple which disproves it. 


MECHANICS. 


213. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


Two unequal, uniform, smoothly hinged rods are placed over a smooth 
vertical circle. Apply the principle of virtual work to find the condition of 
equilibrium in terms of the length of each rod, the diameter of the circle 
and the angle of either rod with the vertical. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Let O be the center of the vertical circle; PD, PA, the rods jointed 
at P; C, B, the points of tangency of PD, PA with the circle; Q, H the in- 
tersection of the horizontal diameter with 
PD, PA. Let r=radius of circle, PD=l, 
PA=m. Draw PI, CF, BE perpendicular to 
HQ. Let ZBOE=ZHBE=¢, ZCOF= 
Z FCQ= IPQ=9 #£'Then PC = PB= 
reots(¢+9), CQ=rtan?’, BH=rtan¢, 
rsin3 (¢—?) 
sing + ¢)° 

Let z=the height of the center of 
gravity of the system above O. Also for 
equilibrium the resultant of the weights of the rods must pass through O. 


— 
) | 
e 
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The weights of the rods are proportional to their lengths. -.W:W’=I:m. 


__l(PQcos +m(PHeos ¢—4mcos¢) 
l+m 


=[Irsin +Ircos cots (¢+) —4$l?cos 9+ mrsin¢ 
+mrcos ¢ —4m?cos ¢]/(m-+l)... (1). 


Also, (alsin 6+ OJ )l=(4msin ¢—OI)m, or 
2r(l+-m) sins (¢—?) =(m?sin $—l?sin 0) sink (¢+4)... (2). 


Differentiating (1) and (2), we get 


[l?sin sin?4(¢+6) —r(l+m) cos ¢]d 
+[m?sin ¢ sin?4(¢+) —r(l+m) cos ¢=0... (3). 


21° cos 6 tan3(¢+6) +12sin 9—m?sin ¢—2r(1-+m) cos 
cos$ ($+?) 


2m*cos tans (>+4) —l’sin 9+m?sin ¢—2r(l+m) $...(4) 
($+?) 


Eliminating d 4, d ¢ between (3) and (4) we get, after reducing, 


(m?sin sin ?) 2sin®?4(¢+0) —4l? m? 
+r(l+m) (l’sin 6—m?sin ¢) (cos 9—cos ¢) + [2r(1+m) (1? cos* 
+m*cos*¢) +7(l+m) (m?sin ¢+1?sin 4) (sin ¢+sin ] 
tans (¢+6) —4r* (l+m)*cos?4(¢—?) =0... (5). 
(2) and (5) determine the equilibrium. If l=m, ¢=0, and we get 


l?sin*4 cos 9+-4r?cos 
(lsin*6—2rcos 9) (lsin cos =0. 


Isin?¢=2rcos ? is the condition for equilibrium when the rods are equal. 


214. Proposed by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 


An inelastic particle is projected in a direction BD from B in a straight 
line AB. It strikes a rigid line AD in D and returns to AB at C. Find 
AC/AB, and show on a priori ground that this ratio is independent of the 


velocity of projection. 


ht 
1d 


1e 
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Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Let e be the elasticity of the rigid line AD, DRa prolongation of AD. 
Let AB=a, ZDAB=, ZDBC=%, ZRDC=% Then ZADB=6—, tan? 
=etan(--%). and is known. 

Since 6 is independent of the velocity of projection, AC/AB is inde- 
pendent of this velocity. 


asin 6 
AD : a=sin8: sin(¢@—£). --AD=—>—=~. 
sin (°—,7) 
__ ADsin? _ asin sin ? 


AC : AD=sin@: sin(@—4), AC 


~gin(¢@—8) sin(®—2) sin(¢—#)* 


.AC_AC_ 
AB 


AVERAGE AND PROBABILITY. 


193. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


; What is the average area of all squares that may be inscribed in a 
given sector of a circle, a diagonal of the square being parallel to a random 
line across the sector? 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


The following solution is for a sector less than a quadrant. Larger 
sectors would require a separate solution. 

Let ROH be the given sector, ABCD 
the inscribed square, C in the are, A and B 
each in a radius; A in OR, B in OH; AC the 
diagonal representing the random direction 
of the line; CS, perpendicular from C on OR. 
All directions will be included between AC in 
OR and AC parallel to the bisector of sector. 

Let AB=x, OC=OR=r, ZHOR=8, ZCAR=9% Then AC=cy 2, 
AS=a/ (2)cos 9, CS=ay/ (2)sin 9, OA=asin(¢ /sin 3. 

(wsin (+ /(sin (2) cos 


sin’ +2y/ (2)sin cos sin +¢—) +2sin* 


2+sin2?—cos2 (1+sin2 7) sin2 9+ (cos2 7—1)cos2 


Nn. 
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The limits of ? are } = and }7+4 %=0,. 


=F 6=average area. 
Yr 


tan ( 8-44) ) 


where c=2-+sin2 3—cos2 3, 1+sin2 (2c—1)sin 
cos2 (2c—-1) cos «. 


If #=}7, =" 10-3] [3-1/5] + [3-1/5] }. 


If we accept the usual definition of inscription of geometric figures, viz., the vertices of the inscribed figure 
shall lie on the boundary of the other figure, the above problem is impossible; for a square cannot be inscribed 
in a sector so that its diagonal shall be parallel to a random direction. For a sector less than a quadrant three 
squares can be inscribed, and only three. The average area would be one-third of the sum of the areas of these 
three squares. The above solution satisfies the case when three vertices of the square lie on the boundary of the 
sector. The author of the problem may have wished the solution to cover the case when the vertices lie wholly 
within the sector, the limiting case being when three vertices lie on the boundary. In this case he should not 
have used the term “inscribed.” Ep. F. 


MISCELLANEOUS. 


172. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 
If ¢ and ¢ are as wae show that an approximate value of ¢/¢ is 


= = —¢*) (96* —¢*). 


sin’ fan 


II. Solution by the PROPOSER. 

Neither Prof. Zerr nor Mr. Greenwood seems to have carried the ex- 
pansion quite far enough. When this is done the approximation stated will 
be found to be perfectly correct. The following relations will show this to 
be the case. 


= e 
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of ge gt y? 
6 + 1207 120 


So, — [1+ ($445) 


Their sum= F + 180 180 + 180 


= 
In Mr. Greenwood’s solution it will be noticed that tune is not AB as 
stated. 
The relation tané=¢ +3597... is readily obtained from 


The second factor =|1 +(+ ot t $i) +($) +. | 


and on multiplying out the expansion is obtained to any power we require. 


PROBLEMS FOR SOLUTION. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


157. Proposed by A. H. HOLMES, Brunswick, Maine. 
Find integral values for m and in 64m?n* —n?)* +(m*+n*)*=Q. 


158. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


Find positive rational values of a and b in the equation x«* —2ax*+a+ 
a*—b=0, that will make each of the roots (all different) rational numbers. 


4 


MISCELLANEOUS. 


179. Proposed by FRANCIS RUST, C. E., Allegheny, Pa. 


Let S represent the area swept over by the radius vector, counted 
from the perihelion; m represent the mean anomaly, and e represent the ec- 
centricity of the orbit. Prove: 2S=my (1—e’). 


NOTES AND NEWS. 


Doctor J. W. Young, formerly preceptor at Princeton University, is 
now assistant professor of Mathematics at the University of Illinois. 


Doctor R. L. Moore, formerly instructor at Princeton University, is 
now instructor in Mathematics at Northwestern University, Evanston, IIl. 


Doctor Max Mason, formerly assistant professor at Yale University, 
is now associate professor of Mathematics at the University of Wisconsin. 


Doctor N. J. Lennes, formerly instructor at the Massachusetts Insti- 
tute of Technology, is now instructor in Mathematics at Brown University. 


Doctor Gilbert A. Bliss, formerly assistant professor at Princeton 
University, has been appointed associate professor of Mathematics at Chica- 
go University. 


Mr. E. J. Moulton, formerly a graduate student at the University of 
Chicago, is now in charge of the Department of Astronomy at Pritchett Col- 
lege, Glasgow, Mo. 

The Summer Meeting of the American Mathematical Society was held 
at the University of Illinois, September 10th and 11th, 1908. The attend- 
ance was good and the meeting highly successful. 


Doctor T. E. McKinney, formerly in charge of the Department of 
Mathematics at Wesleyan University at Middleton, Connecticut, is now pro- 
fessor of Mathematics in the State University of South Dakota at Vermil- 
lion, S. D. 


Mr. F. H. Hodge, formerly instructor in the Undergraduate Depart- 
ment of Clark University and more recently a graduate student at the Uni- 
versity of Chicago, is now professor of Mathematics at Parsons College, 
Fairfield, Iowa. 


The annual conference of the University of Chicago with cooperating 
high schools of the Middle West takes place in Chicago, November 13th and 
14th, 1908. In connection with the general program, departmental confer- 


\ 
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ences are held and among these is a conference in Mathematics which 
always proves of great interest to those who are teaching in this line. The 
subject this year is ‘Improvement in the Teaching of Geometry.’’ The 
chief speaker is Princ‘pal H. W. Hurt of Oskaloosa, Iowa. 


The annual meeting of the Kansas Association of Science and Mathe- 
matics Teachers will be held at Lawrence, Kansas, on November 27th and 
28th. An address will be given before this association on the ‘‘Preparation 
of the Teacher of Mathematics,’’ by Professor H. E. Slaught, of the Univer- 
sity of Chicago. The Southwestern Section of the American Mathematical 
Society will meet in Lawrence at the same time, but the sessions will be ar- 
ranged so as not to conflict with those of the State society. 


The annual meeting of the Central Association of Science and Mathe- 
matics Teachers will be held at the Englewood High School, Chicago, IIl., 
November 27th and 28th, 1908. The program of the Mathematics section 
promises to be of special interest. It will include a revised report of the 
Committee on Algebra of last year together with a report of a new commit- 
tee on ‘‘Correlated Mathematics for Secondary Schools.’’ This association 
ought to include every secondary teacher of Mathematics in the Middle 
West. 


The annual meeting of the University of Illinois with the high schools 
of the State will take place at Urbana on November 20th and 21st, 1908. 
Of especial interest to teachers of Mathematics is the report of the commis- 
sion which was appointed last year to draft a syllabus of algebra for the 
high schools. The committee consists of Professor H. L. Rietz, University 
of Illinois, chairman; Professor H. E. Slaught, University of Chicago, Mr. 
Manners, of East St. Louis, Illinois, Louis Omer, Oak Park, Illinois, and 
Jacob Meyer, formerly of Dixon, Illinois, 


BOOKS. 


General Physics. An Elementary Text-Book for Colleges. By Henry 
Crew, Ph. D., Fayerweather Professor of Physics in Northwestern Univer- 
sity. 8vo. Cloth sides and leather back, xi+522 pages. Price, $2.75. 


New York: The Macmillan Co. 

The author in his preface states that his purpose in writing this book was three-fold, 
viz., (1) To prepare a text-book adapted to the needs of first year students in Physics at 
Northwestern University, (2) To keep the treatment elementary, and yet include all the 
fundamental principles of Physics and, (3) To set before the student a large and compact 
body of truth obtained by a method which shall remain for him, throughout life, a pattern 
and norm of clear and correct thinking. _ 

The book is well written, the subject matter is well arranged, and important facts 
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stated in clearest language. . The illustrations are good and the mechanical make-up of the 
book is all that could be desired. 

The book will be found very valuable for all college teachers of Physics who wish a 
good book for first year Physics students. B. F. F. 


A Short University Course in Electricity, Sound, and Light. By Rob- 
ert Andrews Millikan, Ph. D., Associate Professor of Physics in the Univers- 
ity of Chicago, and John Mills, A. M., Instructor in Physics in the Western 
Reserve University. 8vo. Cloth, v+388 pages. Price, $2.00. Boston and 
Chicago: Ginn & Co. 

This book is intended to be something more than a laboratory manual. It presents a 
logical development, from the standpoint of theory as well as experiment, of the subjects 
of Electricity, Sound, and Light. The course here outlined and treated is analytical rather 
than descriptive, although no mathematics beyond Trigonometry is presupposed. The book 
will be found very valuable to those teachers who prefer text-books treating on different 
subjects in Physics rather than a single text. It is well gotten up and the publishers have 
added to the attractiveness of the work by presenting it to the public in good clear type 


Practical Elementary Algebra. By Joseph V. Collins, Ph. D., Profes- 
sor of Mathematics, State Normal School, Stevens Point, Wisconsin. 8vo. 
Cloth sides and leather back, 420 pages. Price, $1.00. New York and 
Chicago: American Book Co. 

The author of this work being touched by the wave of interest in the teaching of 
Mathematics which has swept over the United States during the past four or five years, 
has attempted to write a book which will meet the demands made by the various organiza- 
tions of teachers, which organizations propogated the wave which is now carrying the teach- 
ing of Mathematics on its crest. The literature of the various organizations of Mathemat- 
ics teachers has been carefully studied by the author and he has endeavored to utilize as 
far as possible all practical suggestions. He has searched the whole field of exercises for 
practical problems and has introduced a considerable number of new ones. This book may 
be classed among the best of those written during the last few years. Dm, Fy 2. 


An Algebra for Secondary Schools. By E. R. Hedrick, Professor of 
Mathematics, The University of Missouri. 8vo. Cloth and leather back, 
x+421 pages. Price, $1.00. New York and Chicago: American Book Co. 

This book meets the entrance requirements of American colleges and universities, 
though it was written with a view to meet the demands of those students for whom the 
high school course is the last. The author has embodied the best views, both radical and 
conservative, expressed in recent reports of committees on the teaching of Algebra. The 
language of the book is simple and conversational. The problems are numerous and repre- 
sent a wide range of subjects. Frequent use is made of the graph. B. EF. F. 


Differential and Integral Calculus. By Daniel A. Murray, Ph. D., 
Professor of Applied Mathematics in McGill University. 8vo. Red cloth, 
xvili+491 pages. Price, $2.00. New York: Longmans, Green, & Co. 

This book is mainly made up of the material from Dr. Murray’s Infinitesimal Calcu- 
lus, though much additional matter especially beneficial to engineering students has been 
incorporated. The notion of anti-differentiation is presented and exercises in this operation 
appear early. Later the operation of integration is taken up and treated as a process of 
summation. The book is well written and is worthy of wide adoption as a text. B. F. F. 
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BIOGRAPHICAL SKETCH OF PAUL BARBARIN. 


By DR. GEORGE BRUCE HALSTED, Greeley, Colorado. 


Paul Jean Joseph Barbarin, one of the greatest of living geometers, 
was born October 20, 1855, in Tarbes (High Pyrinees). “He had the almost 
indispensable advantage for mathematical achievement of avery early start, 
which came about as follows: Though his father was a professor of mathe- 
matics, and tried early to awaken in him a taste for the sciences, yet our 
Professor Barbarin slighted these lessons until after he had taken, when 
scarcely 16 years old, his degree of Bachelor of Letters. The following year, 
to please his father, he consented to take a course in elementary mathemat- 
ics, when the love of science quickly developed, and he expressed a wish to 
attend the Polytechnic School and the Normal School. He entered the 
Polytechnic for a short time, but changed to the more congenial Normal, 
where at 194 years of age he settled down to prepare for his life work. He 
studied under Briot, Bouquet, Tannery, and Darboux. 

His course finished, he became professor of mathematics at Niza, then 
at the School of St.-Cyr of the Lyceiim of Toulon. Since 1891 he has been 
professor at the Lyceum of Bordeaux. He married a highly intellectual 
lady, born at Reichshofen in Alsace, and her mastery of German, English, 
Spanish, and Portugese has given essential help in his writings. Our Pro- 
fessor is noted for his devotion to the river and sea and all aquatic sports, 
but above all to music. Both he and his wife play brilliantly upon the vio- 
loncello, and their charming home is a center for the musical cult. 

Notwithstanding the heavy draft of his teaching upon his energies, 
he has been extraordinarily productive and original as a geometer, his dis- 
coveries in non-Euclidean geometry being particularly brilliant. The report 
on his works by Professor Mansion on the occasion of the third award of 
the Lobachevski prize, where he was second only to Hilbert, I have given 
in full in English in Science, Vol. XX, pp. 353-367. From this a single sen- 
tence may be here reproduced: ‘‘Non-Euclidean geometry owes to M. Bar- 
barin (1) fundamental properties of the plane trirectangular quadrilateral; 
(2) the discovery of Riemannean equidistant straights; (3) the complete 
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